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Nonlinear Flutter Analysis of Missiles
with Pneumatic Fin Actuators

E. Yehezkely* and M. Karpelf

Technion—Israel Institute of Technology, Haifa 32000, Israel

A method for flutter analysis and design of missiles with pneumatic fin actuators is presented. The method
combines state-space aeroelastic models with nonlinear pneumatic models for time-domain simulations and for
frequency-domain approximate solutions. The missile and its fins are represented by normal modes with the
generalized unsteady aerodynamic force coefficients approximated by rational functions. Time simulations are
presented for various velocities, maneuver commands, and pneumatic parameters, and the system behavior at the
flutter boundary is discussed. It is shown that the fundamental fin flutter speed is strongly dependent on the missile
maneuver commands. The flutter mechanism is investigated with equivalent frequency-domain modes. A way to
increase the flutter speeds by introducing chordwise-bending flexibility near the fin trailing edge is introduced and
demonstrated.

Introduction

T HE flexible missile structure, when subjected to high-velocity
flow, may experience flutter, a dynamic aeroelastic phe-

nomenon in which the structural vibrations become unstable at a
certain velocity. Flutter in air-to-air missiles is affected mainly by the
structural and aerodynamic properties of the fins, and the mechani-
cal properties of the actuators, whereas the missile body usually has
a minor role. Body modes may become important in flutter analysis
of long flexible missiles. It is important to design the fins and their
actuators such that flutter will not occur in the flight envelope.

The fin actuator maneuvers the missile according to command
signals from the control system. There are three types of actuator
systems: hydraulic, electromechanical, and pneumatic. Hydraulic
and electromechanical actuators are basically position-control actu-
ators, where the fin angle is monitored by closed-loop control. The
mechanical nonlinearities in these systems are mainly a result of free
play in a small portion of the actuator stroke, when the hinge moment
becomes zero. At other parts of the motion, the actuator mechanical
properties can be assumed to be linear, with negligible influence of
the external loads on the actuator dynamics (irreversibility). These
characteristics enable the analysis of the system to be performed by
frequency-domain methods.1"4

The desire for inexpensive, fast-reaction actuators, with small vol-
ume and weight, expanded the use of pneumatic systems.5 Typical
pneumatic actuators are basically hinge-moment control actuators.
The fin hinge moment needed for maneuverability is obtained by a
pair of pistons; one supplies hinge moment opposite to the other.
Each piston has an electrical solenoid with two positions, one filling
and one emptying the cylinder. A typical filling-emptying actuator
pneumatic frequency is 25 Hz. The pressure in the cylinder that
provides the hinge moment is controlled by the duty cycle (DC),
which is the ratio between the filling time and the total cycle time.
The nonlinearity and reversibility of pneumatic actuators are signif-
icantly more dominant than those of hydraulic and electrical ones.
The combination of the flexible structures and the unsteady aerody-
namics with nonlinear reversible pneumatic systems raises the need
for time-domain analysis.

Dynamic response analysis is commonly based on the modal
approach6 in which the structural displacements are represented
by a set of low-frequency natural vibration modes, which serve as
generalized coordinates. While a typical discrete-coordinate finite
element model may have thousands of degrees of freedom, a typical
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generalized-coordinate equation of motion for aeroelastic stability
and response analysis is usually based on a small number of modes
with a negligible reduction in accuracy. Unsteady aerodynamic force
coefficient matrices, normally available as transcendental functions
of the harmonic vibration frequency, can be evaluated by a variety of
computer codes.7 To allow time-domain, state-space formulation,
these matrices have to be approximated by rational functions of the
Laplace variable s (Refs. 8 and 9).

Structural Equations of Motion
The discrete matrix equation of motion of an rc-degree-of-freedom

nominal structure is

= (Fa(t)} + (Fp(t)} (1)

where [u] is the discrete-coordinate displacement vector; [M], [B],
and [K] are the finite element mass, damping, and stiffness matrices;
[Fa] is the vector of distributed aerodynamic forces; and {Fp} is the
vector of local pneumatic forces. As detailed below, both {Fa} and
{Fp} are functions of the structural response. The fins are connected
to the structural model of the missile body in all directions except in
pitch rotation. The pneumatic force vector [Fp] is entirely zero ex-
cept for two equal pitching moments for each actuator, with opposite
signs, applied on the fin hinge and on the actuator backup structure.
The common modal approach transforms Eq. (1) to modal coordi-
nates by assuming that the structural displacement vector {u} is a lin-
ear combination of a limited set of low-frequency vibration modes:

(2)

where {£(0} is the vector of generalized displacements and [<£] is
the matrix of low-frequency modal deflections which serve as gen-
eralized coordinates. The modes include missile rigid-body modes
(when applicable) and fin rigid-body pitch-rotation modes. Substi-
tution of Eq. (2) in Eq. (1) and premultiplication by [$>]T yield the
modal equation of motion

„]{£ (0) = [Fnp (3)

where [Mn], [Bn], and [Kn] are the generalized mass, damping, and
stiffness matrices and [Fna] and [Fnp] are the generalized vectors
of aerodynamic and pneumatic forces. Since the driven fins are not
connected in pitch to the body when the modes are generated, their
torsional properties might not be adequately represented in the low-
frequency modes included in [<£>]. This difficulty can be overcome
by calculating the modes with each driven fin root loaded with a rel-
atively large fictitious pitch inertia term. The added inertia causes
the modes that serve as generalized coordinates to include more
fin torsion. The effects of the fictitious moments of inertia can be
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removed when Eq. (3) is constructed using the fictitious-mass tech-
nique of Ref. 10. This technique was demonstrated in Ref. 11 in
cases of large stiffness variations.

Common linear unsteady aerodynamic codes can be used to cal-
culate the complex generalized force coefficient matrices [Q(ik)]
for harmonic oscillations at various reduced frequencies k = cob/U,
where b is a reference semichord and U is the true airspeed. The
generalized aerodynamic forces are related to the frequency-domain
generalized displacements by

(4)

where q is the dynamic pressure.
Aerodynamic approximation schemes8'9 can be used to approxi-

mate [ Q (ik)} by rational functions in the frequency domain and then
to expand it to the Laplace domain by replacing ik with s, which
yields the general form

= [A0] (b2/U2)[A2]s2

+ [D]([I]s-(U/b)[R]rl[E]s (5)

where the coefficient matrices are optimized to fit the oscillatory
data in the least squares sense. References 8 and 9 use Eq. (5) to
construct the linear state-space aeroelastic equation of motion. At
high Mach numbers, the unsteady aerodynamics are often based on
piston theory,6-7 which is, in fact, a theory where [Q(ik)] is a linear
function at k:

(6)

where [Q(R}] and [Q(/)] are the real and imaginary parts of [Q(ik)]
calculated at k = 1. The replacement ofik in Eq. (6) by s yields the
time-domain piston theory generalized aerodynamic forces

(7)

(8)

The substitution of Eq. (7) in Eq. (3) gives

where

[B] = [Bn] -

= {Fnp}

[K] = [Kn] - q[Q(R}]

The new generalized stiffness and damping matrices [B] and [K]
contain not only the structural elements but also the aerodynamics
stiffness and damping. Equation (8) can be put in the standard first-
order state-space form

(9)

where

[I]
-[Mn]-{[K]

0

where the system matrix [A] is constant. The forcing vector (b(t)}
depends on the nonlinear dynamics of the pneumatic system, which
is a function of the control command and the structural displace-
ments and velocities.

A simple numerical solution of Eq. (9), which assumes constant
time steps Ar and small variations of (b(t)} during a time step, is

\v((™ i 1 \ A fM ^[ 'AJA'/ fv/{x((nt + 1)AJ)| = el ({x(

(10)

where nt is the sequential step number. This is the exact response at
time (nt + 1) Af to the constant excitation {b(nt Af)} with the initial
condition {x(ntt.

Mathematical Model of the Pneumatic Actuator
A conventional missile is maneuvered by two pairs of movable

fins in perpendicular planes. Each pair is driven by an actuator
through a torque shaft about which the two fins rotate. The purpose
of this section is to describe the mathematical model of a typical,
pneumatic system, based on Ref. 1, and the way it can be coupled
with the aeroelastic equations of motion. The pneumatic actuator is
built of two cylinders that push pistons by gas pressure in turns, one
to the positive and one to the negative rotation angle. Each cylin-
der has a solenoid valve with two positions, one that lets the gas
flow from a high-pressure reservoir into the cylinder through an ori-
fice and one that releases gas from the cylinder to the atmosphere.
Electrical pulses to the solenoid control the valve position which
typically changes 15—40 times per second. The valve motion is so
fast that the change can be considered instantaneous in our appli-
cations. The percentage portion of gas filling time in one cycle is
called the DC:

DC = Tpc
1 cycle

x 100% (11)

The hinge moment is determined by the pressure in the cylinder,
which is increased with increasing DC. This kind of control is
called pulse width modulation.

The gas equation of state relates the static pressure P, volume
V, mass G, and temperature T of the gas in the cylinder by the gas
constant normalized to the molecular weight (R). For ideal gases
this is

PV = GRT (12)

For our purposes the flow is considered isentropic and isothermal.
The flow of gas through the converging orifices depends upon some
constants (cross-section area, temperature, kind of gas) and the pres-
sure at the inlet Pu and outlet Pd of the orifice. The rate of flow
changes with the ratio between Pu and Pd for output pressure larger
than

1)1\kc/(kc - 1 (13)

where kc is the ratio of specific heats. For smaller outlet pressure,
the flow is choked, that is, depends on the inlet pressure only. The
nonlinear flow equation may be expressed by

G = cdc2Adpuf/Vr
where Cd is the orifice constant, Ad is its outlet area, and

(14)

C2

1
@Pd > PCR

@Pd < PCR

C\ = 2kr

(kc-l)R9- R[(kc

The inlet and outlet pressure values of the filling orifice are
Pu = Ps and P(i = P, where Pv is the supplied pressure, and those
of the emptying orifice are Pu = P and Pd = Patm, where Patm is
the atmospheric pressure. The actuator dynamics are coupled with
the structural dynamics through the piston motion, which is kine-
matically related to the differential rotation between the fin root and
the missile-body actuator attachment point. The cylinder gas mass
G is found by numerical integration of Eq. (14), taking into account
the valve position based on DC of Eq. (11). The cylinder pressure
P is calculated in each step by Eq. (12) with the volume V defined
by the piston travel.

The pneumatic hinge moment (Mp), which appears in the nonzero
element in {Fp} of Eq. (1), depends on the pressure in the cylinder,
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the area of the piston (A), the actuator arm (d), and the O-ring
friction:

± F(,d (15)

where the sign of the friction force (Ffr) is defined by the piston
movement. The friction force, caused by the contact between the
O-ring around the piston and the cylinder, depends on the initial
assembly pressure on the O-ring, PS9 and on the dynamic friction,
which is assumed here to be linearly dependent on the pressure in
the cylinder:

(16)

where f\ and /2 are the static and dynamic friction coefficients.

Models for Numerical Applications
Models of a clamped fin and of a complete missile that were used

for numerical applications are shown in Fig. 1. The models were
built by means of finite elements, for the computation of the natural
modes and the associated generalized aerodynamics, at various su-
personic Mach numbers at altitude of 8000 m by the piston theory
method, using MSC/NASTRAN.7 The clamped fin is connected to
the ground in all directions except for pitch rotation about the hinge
line, which is controlled by a pneumatic actuator. The full missile
has eight fins but only the four forward ones are movable. The model
for symmetric maneuvers in the x-z plane is of the right side of the
missile with one movable and one fixed fin. The movable fin is struc-
turally connected to the missile body in all directions except pitch.
The aerodynamic panel model of each fin is based on six spanwise
and four chordwise divisions. The body aerodynamics were mod-
eled with dummy aerodynamic panels with areas tuned to match
slender-body lift coefficient.

The pneumatic system uses nitrogen as an actuation gas with a
supply pressure of 58 atm. The piston area is 1.1 x 10~4 m2 in
the clamped model and 6.0 x 10~4 m2 in the full-missile case. The
simulation models were based on 5 modes for the clamped-fin case,
including one rigid-body pitch rotation, and 13 symmetric modes
for the complete-missile case, including 3 rigid-body modes (heave,
pitch, and rigid-body pitch of the forward fin). The lowest elastic
natural frequency in the clamped-fin case, which corresponds to the
first fin bending, was 202 Hz. The lowest elastic natural frequency
in the full-missile case, which corresponds the first body bending,
was 28 Hz. The first bending frequency of the movable fin in this
case was 233 Hz (the ninth elastic frequency). Analyses with more
modes taken into account did not exhibit significant differences.
The inclusion of fictitious fin-root inertia to have the fin torsional
properties represented in the low-frequency modes, as discussed
after Eq. (3), was found to be not important in our cases because, as
shown below, the flutter mechanisms do not include significant fin
torsion.

a) Clamped fin

t

Time Response to Pneumatic Step Commands
Time-response analyses for the coupled structural pneumatic sys-

tem were performed with the two models by numerical solution of
Eq. (9) using Eq. (10) with Ar = 10~4 s. Analyses with smaller time
steps gave identical results. The structural initial conditions in all
the cases were (jc(0)} = {0}, and the initial pressure in the cylinder
was P(0) = Patm, namely zero hinge moment. A step command in
our context means a jump of DC at t = 0 from zero to a constant
positive percentage value. Time-response curves of the pitch angle
at the root of the clamped fin at U = 500 m/s to pneumatic step
commands with DC = 20 and 40% are shown in Fig. 2. Each saw
tooth is the response in a pneumatic cycle of 0.04 s. The cycle starts
with flow into the cylinder (for 20 or 40% of the cycle time), which
pushes the fin angle up, and ends with flow from the cylinder to the
atmosphere, which lets the aerodynamic hinge moment push the fin
angle back. Steady state is achieved in each case after about 0.35 s
with constant saw-tooth pneumatic oscillations about a mean value.
Small sinusoidal structural oscillations of about 100 Hz can also be
observed on top of the pneumatic ones.

Figure 3 shows the time history of the pitch angle with the same
conditions as in Fig. 2 but at U = 545 m/s. At DC = 20%, the struc-
tural oscillations are larger than in Fig. 2, but the system is still stable.
At DC = 40%, the system is unstable and exhibits a diverging flut-
ter behavior. Although it is obvious that the first case is stable and
the second unstable, the pneumatic oscillations do not allow easy
determination of the structural damping by the curve-fitting meth-
ods used to define the flutter boundary in time-marching solutions.
The 40% case is also shown in Fig. 4 for a slightly smaller veloc-
ity of U = 540 m/s. The beating phenomenon shown in Fig. 4 is
caused by the interaction between the fin rigid-body pitch and bend-
ing modes, whose frequencies get close to each other when flutter
is approached, as discussed below. The appearance of beating re-
sponse can serve as a warning signal before the destructive flutter
occurs. In our work we define the flutter boundary by the condi-
tions at which the beating response occurs. To find the beating onset
speed, computations were first performed with DC increments of
5% and velocity increments of 5 m/s. When, for a certain DC value,
the response changed from converging to diverging, computations
with intermediate velocity increments of 1 m/s were performed until
beating appeared.

The variation of flutter speed of the clamped fin with the duty
cycle is shown in Fig. 5 for no-friction and friction cases. The fric-
tion case is with realistic friction coefficients of f\ = 0.06 and
/2 = 0.08 in Eq. (16). The graphs imply that the flutter speed of
a maneuvering missile can be significantly lower than that of level
flight, when the hinge moments are very small. The minimal flutter
velocities are reached here at DC = 25-40%. The small variation
of the flutter velocity at high DC values occurs because the pressure
in the cylinder asymptotically approaches its maximum value. The

b) Air-to air-missile

Fig. 1 Test-case models.
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Fig. 2 Fin angle response to step command at U = 500 m/s.
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Fig. 3 Fin angle response to step command at U = 545 m/s.
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Fig. 4 Fin angle response to step command at U = 540 m/s, DC = 40%

amplitudes of the pneumatic oscillations about the mean values in
the no-friction case (not shown) become significantly smaller than
those with no friction in Fig. 2. The friction flutter velocities are
larger than those without friction by 20% and more, but the sensi-
tivity of flutter velocity to the actuator hinge moment is also larger.

Equivalent Linear System
It is desirable to replace the pneumatic system by equivalent

spring and damper such that the entire system becomes linear.

Fig. 5 Flutter velocity vs J9C, no-friction, and friction cases.

Frequency-domain or root-locus methods can then be applied more
efficiently and with better understanding of the flutter mechanism.
Equivalent rotational springs (Ke) were determined in our work
from the ratio P/ V between the pressure and the volume of the
gas in the cylinder at the steady-state parts of selected stable time
simulations:

d2A2P
(17)

Since the value of P/ V oscillates at steady state, equivalent-system
analyses can be performed with KQ determined by the maximal,
mean, and minimal values of P / V at steady state. Vibration modes
of a linearized system are determined with the fin root attached to
the missile body (or the ground in the clamped-fin case) such that
an elastic fin pitch mode replaces the fin rigid-body mode. Flutter
analysis can then be performed by root-locus analysis of the system
matrix [A] of Eq. (9), with varying dynamic pressure, or by the
classical U-g or p-k methods.7

Flutter occurs in linearized root-locus analysis when a root branch
crosses to the right side of the Laplace domain. Figure 6 shows the
resulting flutter velocities vs DC of the equivalent clamped fin with
no damping, in comparison with the no-friction time-domain re-
sults of Fig. 5. When DC increases in the equivalent cases, the
larger equivalent stiffness values because of higher pressure in the
cylinder cause lower flutter speeds. The equivalent stiffness, which
is based on the maximum P/V response, is more conservative
and gives more accurate results up to DC = 55%, which is the
range in which pneumatic actuators normally operate. The pneu-
matic damping resulting from flow through the emptying orifice in
the nonlinear analysis is negligible at low DC values but becomes
more significant at higher values, when the pressure is high and
the outlet flow is choked. Figure 6 shows that the use of equivalent
springs might be inaccurate and hence might require higher safety
margins.

Figure 7 shows the root loci of the first two modes, pitch and bend-
ing, with varying dynamic pressure, calculated with an equivalent
spring based on a maximal P/V response value with DC = 20%.
The fin pitch frequency increases with the increased dynamic pres-
sure and gets close to the bending frequency, and the two modes
interact to produce flutter. It is clear that as the equivalent spring
stiffness increases, because of increased DC value, the pitch mode
starts at a higher frequency; thus the branches of pitch and bending
get closer and produce flutter at a lower dynamic pressure.

Time-response simulations were also performed with the linear
model, starting from some nonzero modal deformations. The re-
sponse in these cases exhibited smooth converging or diverging
oscillations, except for beating oscillations just below the stability
boundary, which indicates that the beating shown above was not a
result of system nonlinearity.



668 YEHEZKELY AND KARPEL

5 7 0

O 10 2O 3O 40 50 60 7O SO 9 O 1 O O
535

Fig. 6 Flutter velocity vs DC, linearized, and nonlinear solutions.
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Fig. 7 Root loci of the clamped fin with equivalent spring.

Structural Means to Increase Flutter Velocity
The low fin-pitch frequency cannot be avoided when pneumatic

actuation is used. We can increase the flutter velocity by designing
the pneumatic system to have high damping, but that might de-
grade the system performance. Another approach is to reduce the
rate of frequency increase with increasing dynamic pressure, such
that it will start to interact with the bending frequency at higher
speeds. This can be accomplished by reducing the aerodynamic
hinge moment resulting from pitch rotation. This moment is high at
supersonic flight because the aerodynamic center of the fin moves
backwards, whereas the hinge line must be located forward of the
subsonic aerodynamic center to avoid subsonic divergence.

The high supersonic hinge moments may also impose other costly
design constraints on the actuator, such as a requirement for high
supply pressure. Dillenius et al.12 proposed a way to reduce the hinge
moments by introducing chordwise flexibility near the fin trailing
edge. They showed that this flexibility causes static aeroelastic ef-
fects, which move the supersonic aerodynamic center forward sig-
nificantly, while the motion of the subsonic center is very small. We
used this idea in our work as a means to increase the flutter velocity
by reducing the aerodynamic stiffness.

Reference 12 increased the chordwise flexibility by introducing
spanwise slits at the rear part of the fin. We simulated these effects
by reducing Young's modules of the rear half of the clamped-fin
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Fig. 8 Flutter velocity vs rear-part stiffness ratio, DC = 0.
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Fig. 9 Flutter velocity vs commanded fin lift, nominal and modified.

model EI and simultaneously increasing Young's modules of the
front half to E\ = 2Eo — £2, where EQ is the original Young^s mod-
ule. In this way we kept the fin-bending frequency at its original
value.

Figure 8 shows the flutter velocity of the clamped fin, at DC = 0,
vs the ratio EijE§. It can be observed that reducing the rear chord-
wise stiffness increases the flutter velocity, as expected. Figure 9
shows the flutter velocity as a function of the lifting force gener-
ated by the fin for the original model (E2/E0 = 1.0) and for the
modified one, where E2/EQ = 0.1. A significant increase of the
flutter velocity is achieved (up to 10%) without degrading missile
maneuverability.

Full Missile Model
Because the fins are typically very light compared with the entire

missile, a separate analysis of the clamped fin is usually sufficient
for fin flutter investigation. The entire missile model of Fig. Ib was
used in this work to analyze missile response to control commands
and to investigate the effect of the pneumatic system frequency
fp, typically in the range of 15-40 Hz, on the dynamic response
and stability. The nominal pneumatic frequency is fp = 25 Hz.
The flutter velocity of the movable fin with DC = 50% is about
1400 m/s. A typical stable time response of the fin-root angle to
pneumatic step command is shown in Fig. 10. The response exhibits
three types of oscillations. The larger are short-period oscillations
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Fig. 10 Fin angle response to step command in full-missile case at U -
1300 m/s with/p = 25 Hz.
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Fig. 11 Fin angle response to step command in full-missile case at U =
1300 m/s withfp = 28 Hz.

of about 4.5 Hz with very small damping. On top of these, we
see the 25 Hz pneumatic oscillations, with noise of about 200 Hz,
which is related to the fin-pitch frequency. As in the case of fin
flutter, the low-frequency short-period response is also affected by
the hinge moment through changes in the static aeroelastic effects
on the aerodynamic stability coefficients.

Figure 11 shows the same response as in Fig. 10, but with pneu-
matic frequency of 28 Hz, which is identical to the first bending
frequency of the missile body. The match between the bending
and pneumatic frequencies causes a slight increase in the amplitude
of the pneumatic oscillations. A larger increase is observed in the
200 Hz fin-pitch oscillations. This increase appears at all velocities
larger than about 1000 m/s (not shown). It is a result of the non-
linear interaction between the pneumatic dynamics and the missile

bending dynamics, which is not shown in linearized analyses. This
interaction also reduced the flutter velocity by about 2.5%.

Conclusions
Time-domain state-space equations of motion for the simulation

of dynamic aeroelastic response of missiles with nonlinear pneu-
matic control systems were developed. Time-marching solutions at
various velocities and actuator commands were required to ana-
lyze the system stability. It was shown that the fin flutter velocity is
strongly dependent on the pneumatic cylinder pressure which con-
trols the missile maneuvers. The fundamental flutter mechanism
involves the fin pitch mode, whose low frequency increases with
the cylinder pressure and with the flow dynamic pressure and the
first fin bending mode. The pneumatic oscillations do not allow
easy computation of modal damping values from the time response.
Nevertheless, the flutter boundaries can be indicated by the appear-
ance of beating oscillations. An equivalent spring, based on a typical
nonlinear time response, can replace the pneumatic system in linear
frequency-domain flutter analysis for better understanding the flutter
mechanism and for efficient establishment of keep-out zones. How-
ever, a conservative approach should be taken because the linearized
analysis can be significantly inaccurate. The friction between the O-
ring of the piston and the cylinder has a positive influence on the
dynamic stability of the fin, but the increased flutter velocity was, in
our case, more sensitive to the maneuver command. The full-missile
example showed that closeness between the pneumatic frequency
and the first natural frequency of the missile body can cause high-
frequency structural oscillations, but there was a negligible effect
on the flutter velocity. It was demonstrated that fin flutter velocity
can be increased significantly by introducing chordwise flexibility
in the rear part of the fin.
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